Abstract -The stability of linear two-and three-level operator difference schemes in a Hilbert space has been investigated. A few a priori estimates of the global and asymptotic stability in various energy norms have been obtained.
Introduction
An abstract evolution problem is called stable if its solution u continuously depends on the input data ϕ. For linear problems this is equivalent to the a priori estimate
where · 1 and · 2 are certain norms. In many cases the quantity depends on the time variable t. In particular, the behavior of (t) when t → +∞ is of interest. If does not depend on t, the problem is called globally stable. If (t) → 0 when t → +∞, the problem is called asymptotically stable.
The problem of stability becomes particularly urgent in the modelling of applied problems where input data can be given roughly (as a result of observations, experimental measurements, calculations etc.). Extensive bibliography is devoted to the stability of evolutionary differential-operator equations and operator-difference schemes (see [4, 5, 8, 9] ). In particular, some a priori estimates of the global and asymptotic stability for the first-and second-order linear evolution problems were obtained in [3] . Stability of the solution to the perturbation of unbounded operator coefficients was investigated in [1, 2, 6, 10] .
In the present paper, the results obtained in [3] are extended to two-and three-level operator-difference schemes.
The paper is organized as follows. In Section 2, a two-level operator-difference scheme is considered and a few scales of a priori estimates of global and asymptotic stability are constructed.
In Section 3, a three-level operator-difference scheme is considered. Here we obtained a few nonstandard scales of a priori estimates of global stability.
Section 4 is devoted to a three-level homogeneous operator-difference scheme. Four nonstandard a priori estimates of asymptotic stability are constructed.
Two-level operator-difference scheme
Let H be a finite dimensional Hilbert space with the inner product (·, ·) and norm · . For the self-adjoint linear positive operator A : H → H we usually introduce the so-called energy norm v = (Av, v) 1/2 . Let ω = {t j = jτ | j = 0, 1, . . . } be a uniform mesh with a step-size τ > 0 on the semi-axis [0, +∞).
In the sequel for the function v : ω → H we will use the standard notations of the theory of difference schemes [7] 
Let us consider the two-level operator-difference scheme We assume that the condition B 0.5τ A is satisfied. Taking the inner product of (1) with τ (v + v), one immediately obtains the energy identity
) .
Estimating the right hand side using the generalized Cauchy-Schwartz inequality and summing over the mesh, one obtains the a priori estimate
Under a stronger assumption
more elegant estimates can be obtained. Indeed, taking the inner product of (1) with 2τv, one obtains the energy identity
Further we have
From (2) and (3) follows
and 
Applying estimates (4) -(6) to equation (7) and combining them, one obtains the following scale of a priori estimates:
Here we set n = −1, 0, 1. Analogous a priori estimates can be obtained for other values of n. C ε stands for a constant which depends on ε and does not depend on v and τ . In different formulae C ε can take different values. From (2) and obvious relations
we obtain
Applying (10) to (7), one obtains a series of analogous formulae. After summation over the mesh from here one obtains the following scale of a priori estimates:
Using the inequality
where λ 1 is the minimal generalized eigenvalue of the problem
from (2) and (3) one obtains
Analogous inequalities hold for the operator-difference schemes (7). After summation over the mesh one obtains the following scale of a priori estimates:
. Setting t = nτ ∈ ω , from the previous inequalities one obtains
From (2), (9), (12) and the obvious inequality a
Analogous inequalities hold for the operator-difference schemes (7) . After summation over the mesh one obtains the following scale of a priori estimates:
The a priori estimates (8) and (11) express the global stability of the operator-difference scheme (1), while estimates (13) and (14) express its asymptotic stability as t → +∞.
Three-level operator-difference scheme
Let us consider the three-level operator-difference scheme (15) withv −v, we obtain the following energy identity:
where
and applying obvious inequality
we obtain from (16)
From here, after summation over the mesh, we obtain
wherefrom follows
wherefrom, as in the previous case, we obtain
After summation over the mesh and further majorization we obtain
For ϕ = ψt identity (16) can be rewritten in the form
From here we obtain
For B = 0 estimates (17) 
Applying inequalities (17) -(19) to (20), we obtain the following scales of a priori estimates:
and
The a priori estimates (21) - (23) express the global stability of the operator-difference scheme (15) in different norms under various assumptions on the input data. Here C denotes a computable constant independent of v and τ , which can take different values in different formulae.
Homogeneous three-level operator-difference scheme
Let us now consider the homogeneous operator-difference scheme
where A and B are self-adjoint linear positive commutative operators in H. Using the equalities
we obtain from (24)
From here we immediately get
where I is identity.
First we assume that the following operator inequality
holds. From (25) and (26) follows
From (27) and (28) we get
The operator Q commutes with A and B. We have
so the operator Q is nonnegative. From (29) we easily obtain v t +0.5Bv
then the following inequalities
hold. In such a way, from (30) it follows: 
where λ 1 (B) is the first (minimal) eigenvalue of the operator B. Analogously, from (25) and (26) we get
From (32) and (33) 
In the case where
from (25) and (26) follows
The operator R commutes with A and B. If the condition τ < 4/ B − (B
is satisfied, the operator R is positive. From (35) we immediately obtain the a priori estimate
and µ 1 > 0 is the first eigenvalue of the operator B − (B
. From (36) and (37) we obtain the a priori estimate
In an analogous manner we obtain
The operator S commutes with A and B and is positive for τ < 4/ B + (B
. From (39) we get
and ν 1 > 0 is the first eigenvalue of the operator B + (B 
It is usually assumed that
defines in the plane 0σ 1 σ 2 the parabola Γ with the axis σ 2 = σ 1 and the vertex (1/4, 1/4). The parabola Γ and the straight line σ 1 + σ 2 = 1/2 divide Ω into three subdomains: Ω 1 , Ω 2 and Ω 3 (see Fig. 1 ). In Ω 1 , the condition A > 0.25 B 2 is satisfied. In Ω 2 , the operator inequality A > 0.25 B 
